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ABSTRACT

In this paper, the partial slip effect and impattidferent wave forms are discussed on the pdiistBow of a
Newtonian fluid in an asymmetric channel. The cl@msymmetry is produced by choosing a peristaléige train on the
wall with different amplitudes and phases. Matheca@nalysis has been carried out for small Regsmolumber and long
wavelength. The solutions for stream function, bx&ocity and pressure gradient are obtained. Nigakintegration has
been performed for the pumping, frictional forceapping and reflux phenomena. It is observed t@tpumping against
pressure rise, axial velocity, pressure gradieiag sf the trapped bolus and reflux layer decreatk increasing the
partial slip parameter. The size of the bolus sytnyrdisappears for large value of the partial piggameter. Under certain
conditions, there are boluses of fluid moving & $peed as if they were trapped by the wave. Thgadson among the
different wave forms (namely triangular, sinusojdedpezoidal and square) in the fluid flow inde&sthat the square wave
yields largest flux.
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INTRODUCTION

Peristaltic flow plays a vital role in a living bpdThis mechanism is responsible for a form ofdltiansport
induced by a progressive wave of area contractioexpansion along the length of a distensible thmainel containing
fluid. The type of fluid transport process is matied because its importance in small intestinetrardistestine tract,
mobility of stomach, cervical canal, passage ofi@iirom kidney to bladder through ureter, the tpamnsof food bolus
through the esophagus, food mixing, transport efrsiatozoa in cervical canal, movement of eggs énféimale fallopian
tube, the moment of chyme in small intestine andhynathers. Also, peristaltic transport occurs innspngractical
applications involving biomechanical systems sushraler and finger pumps. Such a wide occurrentceevistaltic
motion should not be surprising all since it resyhysiologically from neuro-muscular propertiesanf/ tubular smooth

muscle.

Study in peristalsis has been presented by LathigmHarliest then Jaffrin and shaprio [2] and Jaffi3]
investigated the peristaltic transport in chanfiée mathematical models obtained by train of pécisthusoidal waves in
an infinity long two-dimensional symmetric or asyetnic channel containing fluid have been investdan [4-11] and
many others. Many of these models explain the bisid mechanics aspects of peristalsis, namelycteracteristic of
pumping, trapping and reflux. These models are ldpeel in two ways, one by restricting to small peiltic wave
amplitude with arbitrary Reynolds number and theeoby lubrication theory in which the fluid inertand wall curvature

are neglected without any restriction on amplitude.
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36 P. Sinivasa Rao & G. Bhanodayeddy

The flow analysis in channel with partial slip i€Wrecognized field of investigation due to itscamence in
biomedical Engineering for example in the dialy&iblood in artificial kidney, preservation of fopgaseous diffusion, in
transpiration cooling boundary layer control in flew of blood in the capillaries and for the flaw blood oxygenators.
The dynamic interaction of flexible boundary withidl in peristaltic motion is important from meclieed point of view
Beavers and Joseph [12] introduced the conceptadfap slip. The slip at the wall is presented thgb a condition
formulated by Saffman [13] which can be viewed asiraproved version of the condition by the Beavansl Joseph.
Recent literatures on the peristaltic motion witmsiderations of the nature of the fluid, geometfythe tube/channel,

propagating waves and asymmetry are found in [14-22

The aim of the present study is to investigatepghsstaltic transport in a two-dimensional asymmethannel
under the effect of partial slip. The channel aswftmgnis generated by choosing the peristaltic waaig on the walls to
have different amplitude and phase due to the tianicn channel width, wave amplitude and phaséedihces with
different wave forms as introduced by Hagaal [23]. In addition to reproducing the earlier résuive clearly bring out
the significance of the pumping characteristicslosigy distribution, pressure gradient, trappingdameflux.
The non-dimensional expressions for the differeavevforms are considered for pumping and trappingnpmena.

The comparison among the four wave forms is cdse@ulalyzed.

Mathematical Formulation and Solution

-

¥

ey
Figure 1. Schematic Diagram of a Two-Dimensional Asnmetric Channel

We consider the motion of an incompressible viscdlugd in a two-dimensional channel (Figure 1).

The sinusoidal wave trains propagating with cortsspeedC along the channel walls are

Y=H, :d1+3100{2f(x —ct)} .......... upper wall, 1)
Y=H.=-d.-b 2T & _ lower wall )(2
=H,=-d,- 100 7()(_Ct )+¢ ...... .
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where @, and t_)1 are the amplitudes of the wavess the wave lengthd, +d, is the width of the channet,is the

velocity of propagationt is the time andX is the direction of wave propagation. The phastedihce @ varies in the

range 0< @< 77 in which g=0corresponds to symmetric channel with waves ouhaise andp= srthe waves are in
phase. Furthed,, by, d,, d, and ¢ satisfy the conditiog? +b?+2ab. cosp< @,+d, ¥.

The governing equations of motion are given by

a—9+ﬂ,:0v @)
oX aY

- T T = 217 27
679+Uafg+\7679:—£a—f+v aiJ +aTU ) (4)
ot X oy p 0X ax> aY?

_ o
VG gV __10P, (av+avj, 5)

ot X Y paY |gx° oY?
WhereU and V are the respective velocity components in ¥heand Y directions in the fixed framep is the
fluid pressure, p is the constant density of the fluid andis the kinematic viscosity. We introduce a waveniea

(X, ¥) moving with velocityC away from the fixed framex,y) by the transformations
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Using the above non-dimensional variables and petens Eqs. (3) - (5) in terms of stream function
wlu=2% \=_59% |is given by
oy 0x

R e =0ty + & (W e = Uty )} =Wy + 20+ O ™
Here and in what follows the subscriptsand Y denote the partial differentiations.

The corresponding boundary conditions in termgrefesn function/ are defined as

w=3 ay=h0. ®

w='—2q aty=h,(x): ©)
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W, 20 vk, 10
5 +ﬁay2 lat y=h(x) (10)
oY _ L0 _ _ _ , 11
Y i Y lat y=h,(x) (11)

Where Bis a slip parameter, with, (x) =1+acos27x and h,(x) =-d —bcos( 2rx+¢), q is the flux in
fixed frame and a, b, d angsatisfy the relatiora® + b + 2ab cosp< (&d ¥.

Under the assumptions of the long wavelengit 1and low Reynolds number, the Eq. (7) becomes

Yy =0. (12)
The solution of Eq. (12) satisfying the correspogdboundary conditions (8) to (11) is

(q+f‘5—h2)
(hl_hz)z(hl_hz_eﬁ)

Y= (2y3_3(hl+h2)y2_6(hl_h2_h1h2)y+ Qghl(hl_hz)_hSl—F 3]21h9+%+h1_Ya (13)
In order to check the result obtained above, itlbambserved from Eq. (13) thatfas-> 0, the expression of the
stream function reduces to that obtained by Ebai@]i at zero magnetic parameter. The axial vejocitmponent can be
calculated by differentiating (13) w.r.ty and given as
6(a+h-hy)

ey ey | UL Fa U as)

For h, < y < h, the flux at any axial station in the fixed franse i

hy h hy
Q= [ (u+Ddy= fudy+ [ dy=q+(h—h,)- (15)
h, hy

h,

The average volume flow rate over one pefqdz ’]j of the peristaltic wave is defined as
c

Q= ]‘(q+(hl—h2)dt:q+l+d- (16)

1
=

The pressure gradient is obtained from the dimefsés momentum equation for the axial velotﬁj/:w and
dx ¥

substituting fory from (13), we get

dp_  12(q+h-h,) (17)
dx  (h-h,)*(h,~h,~6p)

Integrating equation (17) over wavelength one aistai

Ap, = (jdx =p, - P, (18)
L E'). dx L™ Mo
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The integral in (18) will be independent of timelyowhen L is an integral multiple of . In this problem either
we have to prescribédp or gand by prescribing eitheApor Q as constants, the flow can be treated as steady.

The integral in (18) is evaluated over one wavdlenging the values of the integrals given in Apprrand replacing

qwith g from (16). Finally are have

_(q—6/3’)_ZQ(1+d)+ @-68) (19)

AD =
Tl BiL WAL

The above expression may be rewritten as

aap(apL, + 2T, + L)
N R yeee) R

The results for the corresponding symmetric charoal be obtained from our results by puténgb,

Q= +1+d. (20)

d =landp=0. Eq. (20) reduces to Poiseuille law for a charofetraight walls whenp<0, a= b=0 and for a

channel with peristaltic waves with same amplitadd in phase whed=b and ¢=.

The frictional forces at yh and y=h, are denoted by

1 ) d
(g
F :Jl'_hZ dp ax.- (22)
2 ! 2 dX

DISCUSSIONS OF THE RESULTS

Velocity Distribution and Pressure Gradient

The maximum velocity occurs g;\EM. From Eq. (14) we obtain
2

_ 3(1+d _6)(hz_hl)(4_h2+h1)+(h1_h2)2(12(ﬁ_ :)_hl+h2) .

: @3)
Z(hl _hz) (hZ_hl_ 6:8)

u

max

The variation of the velocityl with Y is computed from Eq. (14) for different valuesgznd g in Figure 2 for
three different cases when the amplitude of thészdtic wave on the upper and lower walls is sammeD.5,b=0.5,

channel widtid =1and phase shifp= 77/ 3. In Figure 2(a) foQ=1, it is observed that the velocity decreases with

increasing the slip paramejr Figure 2(b) shows the variation of velocityfor various mean fluxQ whenf =0.1.

We also noted that the velocity increases with increasing the mean guxThe variation of the pressure gradigjt dx
with Xis calculated from Eq. (17) for different valuespaiitial slip 5 and mean quxa witha=0.5,b=0.5, p=71/6

andd =1, this is depicted in Figure 3. Figure 3(a) displdlye result of the slip paramet@when Q=1. We observed
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that the pressure gradiedt/ dxdecreases with increasif). Moreover the pressure gradient decreases whegoviom
the nonporous case to the porous one. The effdbieaiean fluxa is drawn in Figure 3(b) whe®=0.1. It can be seen

that the pressure gradient increases with decieasean flu>6 .

Pumping Characteristics

The characteristic feature of a peristaltic mof®pumping against pressure rise.

Até =0, we note from Eq. (20) that

—(1+d)(\/L_2(\/E—6(1+ d))+§/fl)— &rﬂ(\/fl+\/|__2)

APy = 35YC : 24)
6 L
S Y R 5)

L (G -6 a)) 4,

ForAp =0, we have free pumping. Wheip>Ap,_, one gets negative flux and whep < 0, we getqg>Q,  as
the pressure assists the flow which is known aspuwoping. The complete occlusion occurs when

a’+b?+2abcosp= (d fand in the case the fluid is pumped as a positisiglacement pump wit) =1+d .

Figure 4 depicts the variation of the dimensionf@essure rise\p, versus the variation of time-average fis
computed from Eq. (19) for different values gfand ¢ when a=0.5, b=0.5 and d=1. The graph is sectooetthat the
quadrant (1) designated as region the peristaltioging (@ >0 andap, >0). Quadrant (ll) is denoted the augmented flow
when Gg>o WetAP, <0. Quadrant (IV) such that_g< oand AP, >0 is called retrograde (or) backward pumping.
Figure 4(a) is presented to explore the effeg® afn pressure risdp with time-average fluxy wheng=77/3. It is clear
that the peristaltic pumping rate decreases withei@sing the values of the slip paramgtesind also opposite behavior in
backward pumping. Figure 4(b) depicted the vamatd g on Ap withQ wheng=0.1. It is noted that an increases in

the phase differencg results to decrease in the peristaltic pumping. rat

The variation of time-average flug with the width of the channetl (Figure 5) is calculated from Eq. (20) for
fixed a=0.9, b=0.5¢=773 andf =0.1, is presented in Figure 5(a) for different valeésAp and it is observed that for
Apthe flux rate increases when the distaritbetween the walls decrease. By, Q increases for somel in the
beginning but it starts decreasing for latigethis is because the poiseuille flow due to presdass dominates the
peristaltic flow. The variation of time-averageXlg as a functiorq_oz @l ir, (normalized phase difference), is calculated
from Eq. (20) for different values cAp and presented in Figure 5(b) when a=0.5, b=0.3, avd3=0.1. We observe

that whenp=0, Q is maximum and it decreases ;zincreases, fahp >Ap, .. even fop=0. WhemAp=0 for

(free pumping case), we observe tigatis zero for somep when peristaltic wave are in phase, the crossosect the
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channel is same through out. The results of Migbfagree with our results described above. In Edlinvestigated the
square wave has given great result compare wihdtilar, sinusoidal and trapezoidal wave in thesaree gradient.
Tapping Criterion

It has been shown in [3] that under certain cooddj the streamlineg =0 at the central line split to enclose a

bolus of fluid particles circulating along closddesmline. This bolus moves at the wave velocity tirerefore appears to
be trapped by the wave. A criterion for the preseottrapping is the existence of stagnation poimtthe wave frame

which are located at the intersection of the cugve 0 and the central line.

The axial velocity component at the centre linelgained by settingy =0 in the Eq. (14) and the stagnation

points are given by

6(1+d-Q+h (9=, 00) (R0, () +h,60n,) + (i) -h ) - 88(h )~ )
(9 ~h()* (h,e9~h(x) -68)

u(x,0)= (26)

The steam lines are plotted for the amplitude efghristaltic wave on the upper and lower walls mée 0.5,

b=0f andd =1. The effect of stream lines for the mean flgxis plotted in Figure 7 whep=0and8=0.1. It is
observed that the size of the trapping bolus irsgeavith increasing the mean flgx Figure 8 shows the variation of
different values of slip parametegwith @=0andQ=15. It is noted that the area of trapping bolus deses with

increasingg (Ogﬂg o_]) and bolus disappears fr=0.1. The effect of the phase shifp (og @p< 77) is drawn in

Figure 9 whenf=0.1 and 6:1.5. We found that the volume of the trapping bolupessing at the central region

for g=0 moves towards left and it decreasespasicreases. Further the bolus disappeags=air .

Reflux Criterion

It has been shown in the studies [3, 5] that uréetain condition the fluid particles near the wdilave a mean
speed of advance opposite to the main flow. Thempmenon may explain the ureteral reflux named #ite observation

that bacteria sometimes travel from the bladdéhédidneys in opposite direction to the main uifiogy.

o 3a,[>’([>’Ap\/E+2(\/_+\/_)) 1+d (\/L—Z(\/E—G(1+d))+§/fl)
Qe 60,8(\/_+\/7) 1+d (\/7(\/f1—6(1+d))+§/f1) '

The relation betweem/qQ,  Wwith the slip parametepis depicted in Figure 10 for different values o tphase

(27)

shift gwitha=0.5,b =0.5,d=1andap =0.6. We observed that the reflux zone exists neaufiper wall and the reflux
layers and also trapping region increases withemsingp . The variation ofg/qQ,  with channel widthd is plotted in
Figure 11 for different pressure riggpwitha=0.5,b=0.5,¢=7/6 and f=0.1. We note that the reflux zone is formed
near the upper wall fdxp <0, while it is formed near the lower one fgy > 0and the trapping in the lower wall occurs
forAp<0, while for the upper wall occurs fap >0 and also neither trapping nor reflux occursppr= 0. The effect of

trapping and reflex layers increase in the uppelt waen (ap <o) and decreases in the lower wall whetp £0) by
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increasing the pressure rigg respectively. Form Figure 12, the variation Qmémaxwith the phase shigpfor different
values of the slip parametg® witha =0.5,b=0., d=0.5andAp = 0.5. It is concluded that the reflux zone exists rihar

lower wall, trapping occurs near the upper wall ats reflux layers and trapping increase withéasings .

CONCLUSIONS

A mathematical model for the peristaltic transpafrta Newtonian fluid in an asymmetric channel baeahdby
partial slip is presented. The important fluid memtics phenomena of peristaltic transport, the awéddcity, pressure
gradient, the pumping characteristics, the trappihg variation of averaged flux with pressure @gel different wave
forms as functions of the asymmetric motility paedens are discussed with the help of a simple &oa$plution.
The method followed here is different form earleethods due to Jaffrin [3] and Mishra [5]. The tssobtained by us
agree with their results. More the effects due aatial slip arising through different wave formsatudied with ease
through our analysis. The rigid wall gives moreesadf flux and bigger trapping zone and reflux tapan the partial slip.
The square wave form has other wave forms. Thishbped that the present analysis may be usedaeitfidence to

describe the flow in roller pumps and in the gastitestinal tract with proper geometric modificatio

APPENDIX

T do 2 'H>W

< a+ﬁcos€+ysir€_\/a2_g2_y2

T dé __ 2m
o (a+Bcosf+y sinﬁ)2 (az _ B _yz)f

T’ de _n(2a?+ B +y?)

° (cr+,6’cos€+ysin9)3 B (0,2 _p _yz)g

L, =(@1+d)*-(@*+b*+2abcosp)

L,=(1+d+68Y - (@°+b’+ 2abcosp ),
Definition of Wave Shapes

The non-dimensional expressions of the considegeviorms are given by the following equations:

» Sinusoidal Wave
h (x) =1+asin( 27x) .
h, (x) = -d =bsin( 27x+¢).

e Triangular Wave

_ 8 o (_1m+1 . _ ’
h(x) =1+ a{ﬁ; om-17 sin[(2m- 1x ]}
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hz( ) { Z (_1)m+1 sin[(2m—1)x+(p]}-

e Square Wave

m+1

h(9=1+ {42(; co (an- 1><]}

=1

9 =-a-b{ 23 EU o (an- 2k |-
» Trapezoidal Wave
wsm (2m 1)
h (x) = nzzl om sin[(2m- 1x ]}’
sin— (Zn 1
h,(x)=-d-b nzZ; om- sin[(2m-1x+ @]}
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Figure 2: The Variation of Uwith Y for A=0.5, B=0.5, D=1,p=71/3; A) Q=1; B)5=0.1
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Figure 10: Trapping and Reflux Limit for Different @ with A=0.6, B=0.5, D=0.5 ané\p=0.6

Impact Factor (JCC): 3.2766 Index Copernicus Value (ICV): 3.0
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Figure 12: Trapping and Reflux Limit for Different d with A=1, B=0.5, D=0.5 and\p=0.5
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